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Abstract. In [5] we introduced and studied a notion of algebraic entropy. In 
this paper we will give an application of algebraic entropy in proving Kunz' 
Regularity Criterion for all contracting self-maps of finite length of Noetherian 
local rings in arbitrary characteristic. Some conditions of Kunz' Criterion have 
already been extended to the general case in [T], using different methods. 



Let (R, m) be a Noetherian local ring of positive prime characteristic p and of 



dimension d. In [7: Kunz showed that the following conditions are equivalent: 



a) R is regular. 

b) The Frobenius endomorphism / : R — > R is flat. 

c) The length £ R (R/f(m)R) is equal to p d . 

d) The length e R (R/f n (m)R) is equal to p nd for some neN. 

Later, in [llj . Rodicio showed these conditions are also equivalent to 
b') /* R has finite flat dimension over R. 

At first glance, Kunz' conditions c) and d) appear to be stated in terms of the 
characteristic p of the ring and one may not expect to be able to extend them, or 
even state them in arbitrary characteristic. Our goal in this paper is to use the 
notion of algebraic entropy, that was introduced and studied in [8], to make sense 
of Kunz' conditions c) and d) for all self- maps of finite length (see Definition II .4j) 
of Noetherian local rings in any characteristic. We will then show that with this 
new interpretation, all conditions in Kunz' result are still equivalent. We should 
note that Avramov, Iyengar and Miller have already extended the equivalence of 
conditions a) and b) of Kunz and b') of Rodicio to all contracting local self-maps 
of Noetherian local rings in any characteristic, in pQ. In order to state their result, 
we shall first recall the definition of a contracting self-map. 

Definition 1.1 (pQ, p. 80). A local self-map ip of a local ring (i?,m) is said to be 
contracting, if for each element x e m the sequence {f n (x)}i^i converges to in 
the m-adic topology of R. 
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Remark 1.2 f[Tj. Lemma 12.1.4). A local self-map tp of a Noetherian local ring 
(i?,m) is contracting if and only if tp edlm ( R \m)R a m 2 , where edim(i?) is the 
embedding dimension of R. 

Here we state (part of) the result obtained by Avramov, Iyengar and Miller. 

Theorem 1.3 ([1, Theorem 13.3]). Let (R,m) be a Noetherian local ring, and let tp 
be a contracting local self-map of R. Then the following conditions are equivalent: 

1) R is regular. 

2) flat dim^ tp™ R = dimR/(tp n (m)R) for all integers n 1. 

3) flat dimfl tp™ R < oo for some integer n ^ 1. 

In order to state our main result, we shall first recall a number of definitions, 
terminology and notation, that will be used throughout this paper. 

Definition 1.4 ([§J Definition 2.1]). Let / : (R,m) — > (S,n) be a homomorphism 
of Noetherian local rings. We say / is of finite length, if it is local and f(m)S is 
n-primary. In this case we define the length of / as A(/) := ^s(5//(m)5). It is 
clear that A(/) e [1, oo). 

Remark 1.5. For local homomorphisms of Noetherian local rings: 

Finite => Integral => Finite length. 
The converse need not be true. 

In [8] we introduced and studied a notion of algebraic entropy for self-maps of 
finite length of Noetherian local rings. Here we recall its definition. 

Definition 1.6. Let (R, m) be a Noetherian local ring, let <p be a self-map of finite 
length of R. We define the algebraic entropy of tp as 

(1.1) h^(p,R):= Um^I^a 

n->oo n 

Remark 1.7. The limit in Eg uat ion 1 1 . 1 1 always exists and is finite. Furthermore, 
the sequence {logX(ip n )/n} always converges to its infimum. See [HI Theorem 3.2]. 

Example 1.8. In a Noetherian local ring R of positive prime characteristic p 
and dimension d, the algebraic entropy of the Frobenius endomorphism is equal to 
d ■ \ogp. See [HI Example 3.6]. 

Our main result in this paper is the following: 

Theorem 1.9. Let tp be a self-map of finite length of a Noetherian local ring (R, m) 
of arbitrary characteristic. Define q(tp) := exp(/i a i g (yj, R)). Consider the following 
conditions: 

a) R is regular. 

b) tp : R — » R is fiat. 

c) \(tp) = q(tp). 

d) X(tp n ) = q(tp) n for some n e N. 

Then a) => b) => c) => d). If in addition tp is contracting, then d) => b) => a). 
That is, in this case all conditions are equivalent. 

In our proof of Theorem II. 9[ we will use a proof of Herzog originally written 
in [5j Satz 3.1] for the Frobenius endomorphism, to prove the implication b) => a) 
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in the general setting. This part of our proof, however, is not new and has already 
appeared in [4j Lemma 3] . 

From Theorem ll.9l we quickly see that the Hilbert-Kunz multiplicity of a regular 
local ring with respect to an arbitrary self-map of finite length, as defined in [8l 
Definition 3.7], is 1. This is well-known in the case of the Frobenius endomorphism. 

Notations. All rings in this paper are assumed to be Noetherian, commutative 
and with identity element. By a self-map of a ring we mean an endomorphism of 
that ring. For a self-map tp of a ring we will write ip n for the n-fold composition of 
ip with itself. Given a ring homomorphism / : R — » S and an S'-module N , we will 
denote by /* N the i?-module obtained by restriction of scalars. That is, /* N is the 
i?-module whose underlying abelian group is N and whose i?-module structure is 
given by r ■ x = f(r) x, for r e R and x e /* N . This notation is consistent with the 
one used in [2]. If M is an i?-module of finite length, we will denote its length by 
£r(M). 

2. Preliminaries 

Proposition 2.1 ([8j Proposition 2.9]). Assume that / : (R,m) — » (S, n) is a 
homomorphism of finite length of Noetherian local rings, and let M be an i?-modulc 
of finite length. Then 

a) M ® R S is an S'-module of finite length. 

b) In general £ S (M ® R S) ^ X(f) ■ l R {M). 

c) If in addition / is flat, then £ S (M ® fl S) = X(f) ■ £ R (M). 

Proposition 2.2 ([8, Corollary 2.10]). Assume that / : (R,m) -> (S,n) and 
g : (S, n) — > (T, p) are homomorphisms of finite length of Noetherian local rings. 
Then with notation of Definition 11.41 

a) In general X(g) ^ X(g o /) < X(g) ■ X(f). 

b) If in addition g is flat, then X(g o /) = X(g) ■ X(f). 

Definition 2.3. Let R be a Noetherian local ring, and let ip be a self-map of R. 
Let R-Mod be the category of i?-modules. For every n e N we define a functor 
$™ : R-Mod -> R-Mod as follows: if M 6 R-Mod, then 

(2.1) $ n {M) :=M® R ^R, 

where the R- module structure of $™ (M) is defined to be 

r • x = ^^nii (x) r ■ fj, if x = rrii (x) r, 6 $™ (M) and r e R. 

Proposition 2.4. Let R be a Noetherian local ring, and let cp be a self-map of i?. 
The functors <I> ra (n 6 N) have the following properties: 

a) <I> n is a right-exact functor. 

b) If R s is a finitely generated free module, then 4> n (i? s ) = R s . 

c) Let R s ^ i?* be a map of finitely generated free i?-modules. Choose bases 
8&b and 3$t for R s and i?*, and let (a,j) be the matrix representation 
of a in these bases. Then the matrix representation of $ n (a) in the 
bases of $™(i? s ) and $ n (i? t ) obtained from £§ s and ^ t by applying the 
isomorphisms of b) is (</? n (ay)). 

d) If o is an ideal of R, then $ n (i?/a) ^ R/<p n (a)R, as i?- modules. 
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e) If M is an R- module of finite length, then <J> n (M) is an i?-module of finite 
length, and t R {* n (M)) sC t R (M) ■ \(tp n ). 

Proof, a) The functor • ®r ip™ R is right-exact, and changing the module 
structure will not affect the kernels and images. Thus, $" is right-exact. 

b) Let {ei, . . . , e s } be a basis for R s . Consider the maps a : R s — > $"(i? s ) and 
S : -> R s defined as following: 

S S 

i=l i=l 
s s 

3 *=1 »=1 i 

One can check that these maps define i?-module homomorphisms, and er o 6 and 
8 o o arc both equal to identity. Thus, a and 5 are isomorphisms. 

c) Suppose 8$ s = {ei, . . . , e s } and 8% t = {fi, ■ ■ ■ , ft}- From the proof of b) we 
can see that {e\ ® 1, . . . , e s ® 1} and {/i ® 1, . . . , ft ® 1} are bases of $™(i? s ) and 
5> n (ii*), obtained from 3 ' s and 3§t by applying the isomorphisms of b). We have 

t 

$ n (a)(e fe ®l) = J]"^)® 1 
i=i 
( 

= J] Oifc/i ® 1 

»=i 
t 

i=i 

t 

= ^"(aife)^/*® 1 - 

i=l 

The result immediately follows from this equation. 

d) Consider a minimal presentation of R/a 

(2.2) R* ^ R -> R/a -> 0. 

Applying the functor $™ to this sequence, by a) we obtain an exact sequence 

-» -> $"(i?/a) -> 0. 

Let = {/i, . . . , ft} be a basis of J?* and consider the basis = {1} of R. As 
mentioned above, {ei ® 1, . . . , e s ® 1} and {1 ® 1} are bases of <j>™(i?') and $ n (i?), 
obtained from SS t and S%\ by applying the isomorphisms of b). Let (aij) be the 
matrix representation of a with respect to @$t and &&\. Then by c) the matrix 
representation of $ n (a) with respect to the above-mentioned bases of and 
<&™(i?) is (<p n (aij)). From Exact Sequence l2.2l we see that an, ... , an are generators 
of the ideal a. Hence, ip n (an), . . . ,ip n (ait) are generators of ip n (a)R. We can 
quickly see that the following diagram, in which vertical arrows are isomorphisms 
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of b), is commutative 

^> $ n {R) > $ n (R/a) > 

iZ* > R > R/ip n (a)R > 

This diagram induces an i?-module isomorphism $™(i?/a) A R/ip n (a)R- 

e) These are restatements, in terms of of parts a) and b) of Proposition ^. II 

□ 

Below, we list a number of other results, that we will need in the proof of 
Theorem O 

Lemma 2.5 ([5l Lemma 3.2]). Let (R,m) be a Noetherian local ring, and let M be 
a finitely generated R-module. Consider an ideal b Q m of R. Then there exists an 
integer ^ such that depth(m, b^M) > for all \x ^ A*o- 

Remark 2.6. Lemma [2.51 must be used together with the standard convention, 
that the depth of the zero module is oo (see, for example, [6l p. 291]). For instance, 
if M is an i?-module of finite length, then for /j, » we have m^M = (0). 

Proposition 2.7 ( 3, Chap. 10, § 1, Proposition 1]). Let R be a ring , a an ideal 
of R, and let — > M' — > M — > M" — > be an exact sequence of i?-modules. Define 
d 1 = depth(o,M'), d = depth(o,M), and d" = depth(a,M"). Then we will have 
one of the following mutually exclusive possibilities: 

d' = d^ d", d = d" < d', d" = df - 1 < d. 

The next lemma is Nagata's Flatness Criterion. A proof can be found in |10l 
Chap. II, Theorem 19.1, p. 64]. See also [9j Ex. 22.1, p. 178]. 

Lemma 2.8 (Nagata). Let (R, m) and (S, n) be Noetherian local rings. Suppose 
R a S , and assume that mS is an n-primary ideal. Then S is flat over R, if and 
only if for every m-primary ideal q of R, 

(2.3) e R (R/q) ■ e s (S/mS) = £ s (S/qS). 

3. Kunz Regularity Criterion 

In this section we will present the proof of our main result, Theorem 11.91 We 
first need to establish a lemma, that we will need in our proof of this Theorem. 

Lemma 3.1. Let ip be a self-map of finite length of a Noetherian local ring (R,m), 
and let a be a tp-invariant ideal of R, i.e., ip(a)R a a. LetTp be the self-map of R/a 
induced by if. Let q{<p) be as defined in Theorem \1.9l 

i) If\(y n ) = q((p) n for some neN, then \{ip nt ) = q(ip) nt for all t e N. 
ii) If in addition to the assumption in i), we have ha,i g (Tp, R/a) = h a \ g (ip,R) 
and if ip is contracting, then a = (0). 

PROOF, i): Let t e N. As noted in Remark fl~7| the sequence {log X((p nt )/(nt)} 
converges to its infimum as t — > oo. Hence, 

h alB (<p,R) ^logA(^ lt )/(nt). 
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From this inequality we quickly obtain q(<p) nt ^ X(ip nt ). On the other hand, by 
Proposition ^ . 21 A (w nt ) ^ A((p n y. Using assumption i) and the previous inequalities 
we obtain 

Hence, \(ip nt ) = q((p) nt for all t e N. 
ii): Similarly, 

q(W lt < W lt ) 

(3.1) S= A(^ 4 ) 

= q^r- 

From assumption ii) it follows that q(Jp) = q(<p)- Then from Equation 13.11 we 
conclude \(7p nt ) = \(<p nt ) for all t e N. Since X(lp nt ) = t R {Rf[ip nt {xa)R + a]) 
(see [H Proposition 2.8]), we obtain 

(3.2) e R (R/[tp nt (m)R + a]) =e R (R/tp nt (m)R), Vt e N. 
The surjection 

R/<p nt (m)R -» i?/[<^ nt (m)i? + a]) -> 0, 
and Equation 13.21 then show 

fl/[^ ni (m)ii + a] = R/(p nt (m)R, Vi e N. 

Hence, 

acf|^*(m)i?=(0), 

teN 

where the last equality follows from Remark ll.2[ because ip is, by assumption, 
contracting. □ 



Now we are ready to present our proof of Theorem 11.91 

Proof, a) => b): To say that ip is of finite length means dim R/ip(m)R = 0. 
Hence, the following equation holds: 

dim R = dim R + dim R/(p(m)R. 

Since R is regular, the result easily follows from, for example, [9j Theorem 23.1]. 

b) =^> c): This follows from Proposition 12.21 Since <p is assumed to be flat, by 
that proposition for all n e N we obtain 

\(<p») = \(<p) n . 
Thus, by definition of algebraic entropy 

h alg (tp,R) = lim (l/n)-logA(^") 
= lim (l/n)-logA(</j)™ 

n—>cxj 

= logA(^). 

This means \(<p) = 9 (</>)■ 

c) =^> d): This is clear. 

b) => a): (This is essentially Herzog's proof in 5, Satz 3.1]. We will re-write it 
for an arbitrary self-map here. See also [4j Lemma 3].) To show that R is regular, 
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it suffices to show all finitely generated i?-modules have finite projective dimension. 
So let M be a finitely generated i?-module. Suppose M were of infinite projective 
dimension. Then consider a minimal (infinite) free resolution of M 

L. -> M -> 0. 

Let s := depth(m, R), and take an R- regular sequence of elements {xi, ...,x s } in 
m. Write a for the ideal generated by this regular sequence. (If s = 0, take o = (0).) 
For every n e N we set 

C.™ := *"(£.) (x) fl R/a and S? := image(C;Vi -» CD- 
Using Proposition 12.44 -b. we quickly see that C" = Li/aLi. This shows that C™ 
is independent of n, and that C™ is a nonzero finitely generated module of depth 
zero for all i. Using Proposition 12.41 -c. we can see that J5™ c tp n (m)C™. Applying 
Lemma [2~5l let ^i io be such that depth(m,m Mi o(7f ) > 0. Since <p is contracting 
by assumption, from Remark 11.21 it easily follows that if n is large enough, then 
tp n (m)R Q m^'o and in that case, Bf c <p n (m)C? £ m^Cf. This shows that 
depth(m, B") > for large n. 

On the other hand, since tp is flat by assumption, $ ra (L.) is exact. Thus, by 
parts a), b), and c) of Proposition [2~4l 



$ n (L.) -> $"(M) -> 
is a minial (infinite) free resolution of $™(M). Hence 

Hi(C. n ) = Tor? ($ n (M),fl/a) = 0, for i > s. 
This shows that if i > s, then the sequences 

(3.3) o - - c™ +1 ^ sr - o 

are exact for all n e N. Take i = s + 1 in Sequence I3.3[ for instance. By the 
above argument, if we take n large enough, we will obtain depth(m, B™ +1 ) > and 
depth(m, £?™ +2 ) > 0, while depth(m, C™ +2 ) = 0. This contradicts Proposition 12.71 
This contradiction shows that the projective dimension of M must be finite. 

d) =^> b): We will use Nagata's Flatness Criterion (Lemma 12. 8[) to show that 
tp n is flat. To apply this criterion, we first need to show that tp is injective. 

Clearly, ker<^ is ^-invariant. Let Tp be the local self-map induced by (p> on 
R/kenp. By [5J Proposition 5.14] h a i g ((p, R) = h a \ g (Tp, R/kerip), and by assumption 
\{<p n ) = q(<p) n for some n e N. From Lemma T3. II it follows that ker tp = (0). 

Now let q be an m-primary ideal of R. Since ip is contracting, by Remark ll.2l 
we can choose t large enough so that tp nt (m)R cz q. Then there is an exact sequence 

(3.4) -» — > — ;— - > R/a -» 0. 

From this sequence we obtain 

( 3 - 5 ) M ntf SB ) nU ii? ) +MW 

Now we apply the functor 4> n to the Sequence 13.41 and obtain the exact sequence 
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By Proposition l2.4l -e all terms of this sequence are i?-modules of finite length. From 
this sequence we obtain 

By Lemma \3. 11 from the assumption X((p n ) = q(<p) n we conclude X(ip nt ) = q(f) nt 
for all t e N. Using this equation and by Proposition 12 Ai d , we immediately obtain 



ip ni (m)R' J y <p nt+n (m)R J 
A(y>"< t+1 )) 

q(v) nt ■ q(<p)» 
A(y> nt ) ■<%>")■ 



Thus, we can re- write Inequality 13.61 as 

(3.7) A(0-A(^)<^($ n (^L))+^($ n (i2/q)). 



On the other hand, by Proposition 12. 41 -e 

(3.8) *«($»(ii/q)) *S €«(J2/q) • X(cp n ). 

If Inequality 13.81 were strict, then from Inequality 13.71 and above inequalities, we 
would obtain a strict inequality 

A(^) • A(^) < fe^) • \(<p») + £ R (R/q) • A(^), 
and after dividing by A(y> n ): 

But this inequality would be in contrast to Equation l3.5l (note that by Definition [Lj] 
A(ip nt ) = £ R (R/(p nt (m)R)). This contradiction shows that Inequality 13.81 must in 
fact be an equality, that is, we must have 

e R {* n (R/q))=i R (R/q).\(<p n ). 
By Proposition 12. 41 -e and Definition 11.41 this means 

(3.9) t R (R/<p n (q)R) = £ R (R/q) ■ l R (R/ip n (m)R), 

Since q was an arbitrary m-primary ideal of R, by Nagata's Flatness Criterion 
(Lemma I2.8|) Equation 13.91 tells us that <p n is flat. The implication b => a) of 
Theorem 11.91 applied to ip n then tells us that R is regular, and the implication a => 
b) of the same theorem shows that <p is flat, as well. □ 

In [8l Definition 3.7] we proposed the following definition: 

Definition 3.2 (Hilbert-Kunz multiplicity). Let R be a Noetherian local ring of 
arbitrary characteristic, and let cp be a self-map of finite length of R. Let 

q(ip) := exp(h a i g (Lp,Rj). 
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Then the Hilbert-Kunz multiplicity of R with respect to <p is defined as 

eHK (^i?):= lim ^Q, 

provided that the limit exists. 

The following corollary quickly follows from Theorem II .91 

Corollary 3.3. Let <p be a self-map of finite length of a regular local ring R. Then 
e-n K (ip,R) = 1. 

References 

1. L. Avramov, S. Iyengar, and C. Miller, Homology over local homomorphisms, American Jour, 
of Math., Vol. 128, Number 1, Pages 23-90 (2006). 

2. N. Bourbaki, Commutative algebra, (2nd printing), Chapters 1-7, Springer- Verlag (1989). 

3. N. Bourbaki, Algebre commutative, Chapter 10, Springer- Verlag (2007). 

4. W. Bruns and J. Gubeladze, A regularity criterion for semigroup rings, Georgian Math. 
Journal, Vol. 6, No. 3, Pages 259-262 (1999). 

5. J. Herzog, Ringe der Charakteristik p und Frobeniusfunktoren, Math. Zeitschr., Vol. 140, 
Pages 67-78 (1974). 

6. C. Huneke and R. Wiegand, Correction to "Tensor product of modules and rigidity of Tor", 
Math. Annalen, Vol. 338, Pages 291-293 (2007). 

7. E. Kunz, Characterization of regular local rings of characteristic p, American Journal of 
Mathematics, Vol. 41, Pages 772-784 (1969). 

8. M. Majidi-Zolbanin, N. Miasnikov, and L. Szpiro, Dynamics and entropy in local algebra, 
arXiv:1109.6438vl [math.AG], available electronically at |http://arxiv.org/pdf/1109.6438vl| 
(2011). 

9. H. Matsumura, Commutative Ring Theory, Cambridge University Press (1986). 

10. M. Nagata, Local rings, Robert E. Krieger Publishing Company, Huntington, New York 
(1975). 

11. A. Rodicio, On a result of Avramov, Manuscripta Math., Vol. 62, Pages 181-185 (1988). 

Department of Mathematics, LaGuardia Community College of the City University 
of New York, 31-10 Thomson Avenue, Long Island City, NY 11101 
E-mail address: mmajidi-zolbanln01agcc.cuny.edu 

Department of Mathematics, The Graduate Center of the City University of New 
York, 365 Fifth Avenue, New York, NY 10016 
E-mail address: n5k5t5agmail.com 

Department of Mathematics, The Graduate Center of the City University of New 
York, 365 Fifth Avenue, New York, NY 10016 
E-mail address: lszpiroagc.cuny.edu 



